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On montre alors que le systeme possede une solution periodique pourvu hors de Q et que V V soit dirige vers l'axe e 1 loin de celui-ci.
INTRODUCTION
In [1] Hofer and the present author introduced a class of indefinite Hamiltonians of the form ( 1 /2) S p, p ~ + V (q), where the symmetric linear operator S has exactly one negative eigenvalue. The corresponding Lagrangian is ( 1/2) S-1q,q-V(q) and Kozlov [2] refers to the corresponding differential equation as a Lorenz-Lagrangian system. The important feature of these equations which is exploited very strongly in [1] , [3] , [4] is that when v (q) > 0 and the total energy is zero, then ~ S -1 q, q ~ 0; in other words the velocity vector is constrained to lie in a cone where ~,~ denotes an eigenvalue of S and ~,1 o. There we obtained the existence of certain periodic, homoclinic and heteroclinic orbits using a shooting argument and the topological degree of Brouwer. An essential feature of the analysis was a need to ensure that the shooting-map defined in terms of an exit-time is a continuous function of initial data, and to this end it was more-or-less essential to know that the set where V > 0 is convex, or at the very least that it was well-behaved with respect to the ordering on induced by the cone S -1 q, q ~ 0 (see [1] , [3] , [4] for details). As a consequence of these assumptions the orbits whose existence is proved lie in the set V > 0.
In this paper we return to these questions with a new idea which dispenses with the need that the shooting map be continuous. There is therefore no longer any need for the set V>0 to be convex, and we illustrate the idea with a surprising recurrence theorem in Section 2 and a 213 LORENZ-LAGRANGIAN SYSTEM theorem on the existence of periodic orbits in Section 3. The main idea is contained in Theorem 1 of Section 2.
As was the case with [1] We make the following additional assumption: To see this it is sufficient to note that, since ( 1 /2) S -1 q (t), q (t) ) + V q (t)) is constant on orbits of the differential equation, its value is zero because of the initial data q (0)
whence qi (i) = o, i = 2, ... , n and ( 1/2) ~ S -1 q (i), q (i) ~ = o, which implies that q (r) = 0. Now since V' ( q (r)) 5~ 0, and q (t) = q (2 ~ -t) defines a solution of (2 . 4) it is immediate from the uniqueness theorem for initial-value problems that q (t) = q (2 1 -t) for all t > 0. Thus a periodic solution satisfying (ii) has been found, where T = 2 t.
So (tk) I 2 >__, 2 ~,1 V ( q (tk) ) I, and since q 1 (t) ? 0 for all and q (tk) -q it is immediate that q 1 (tk) -0. Hence q (tk) ~ q where q E aQ.
But since q E aQ, V' (q) ~ 0 and so ql (tk) _ a 0 for all k sufficiently large for some a 0. Hence q (tk) -q e lQ is impossible. This contradiction means that there exists a periodic orbit, and the proof is complete.
Q.E.D.
